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Problem 1: Feedback Stabilization

Consider the well-structured interconnection H of causal discrete-time LTI sys-
tems A and B, as shown in Figure|l} Each individual system is defined on [Z —
Cl—[Z - C].

(a) Determine the composite system’s frequency response H : R — C in terms
of the frequency responses A and B of the individual components. Assume the
existence of the frequency response.

e

Figure 1: Interconnected DT-LTT system.

As usual, to find the frequency response, we let our input z(n) = €“" and the
output be H(w)e™". From here, we can find the intermediary signals r(n) and
w(n).



Finally, we find the output y(¢).

y(n) =r(n) +v(n)
H(w)e™" = A(w)e™" + ™" — B(w)H (w)e™"
(14 B(w))H(w) =1+ A(w)
() = 14+ A(w)
1+ B(w)



For the remaining parts, suppose the systems A and B have impulse response
values
aln] = d[n — 1] bln] = —3d[n — 1]

(b) Is the system H stable?

wln] = (b= h)[n]
v[n] = d[n] — (b h)[n]
hin] = a[n] + d[n] — (b * h)[n]
= (0xh)[n] 4 (bxh)[n] = a[n] + d[n]
((0 +b) * h)[n] = a[n] + [n]
LHS = ((§ + b) * h)[n] = h[n] — 3h[n — 1]

]
RHS = a[n] + é[n] = d[n] + d[n — 1]

LCCDE:
hn] — 3h[n — 1] = 0[n] + d[n — 1]

Use superposition:

hq[n] — 3hi[n — 1] =

hi[n] = holn — 1] by TI = h[n] = ho[n] + hi[n] = 3"u[n] + 3" u[n — 1]

(c) Suppose we put H in negative feedback with a constant gain K as shown in
tig. 2 For what values of K will the resulting system G be stable? Under this
assumption G has a frequency response, so we can use frequency-response argu-
ments (Black’s formula).



B
=
+
=
=
=

Figure 2: H in negative feedback with a constant gain

By Black’s formula,

() H(w) l+e ™ 1+e ™
w) = = 4 — = 4
1+ KHw) 1-3e“+K+Kew (1+K)—(3—-K)e ™

Writing this as an LCCDE, we get
(1+ K)y(n) — (3= K)y(n—1) =z(n) +z(n—1).
We can find the impulse response by letting y(n) = h(n) and z(n) = d(n).
1 ; 3—-K

h(n) = 0 when n < 0 due to causality.
1
0= T
1 3—K 4
M= wre - wrp

3-K 4
(2):K+1'(K+1)2

n3) = (?;(_ﬁ)Q' (Kil)Q




This impulse response is absolutely summable when the geometric series ( H)
converges, which requires

3—-—K <1

K+1
3—-K
K+1

— 3 - K| < |K+1]

<1

When K =1, |3 — K| = |K + 1|, and for K > 1, the inequality holds, while for
K <1, the inequality does not hold. Hence, the system is stable when K > 1.

Notice what we have done here: we made an unstable system stable just by plac-
ing it in negative feedback with an appropriate constant gain! The idea that this
is possible forms the basis of Feedback Control, the topic of EE 128.



Problem 2: DTFS and Change of Basis

In this problem, we will build intuition on Fourier transforms by looking at the
DTES through the lens of change of basis.

We chose the DTEFS for this problem because discrete, periodic signals lend them-
selves well to the vector operations many of you have seen in basic linear algebra.
If we look at the space of discrete-time signals with period N, we can represent
each signal as a vector € RY consisting of one period of the signal.

(a) To familiarize yourself with this vector notation, find the fundamental period
N of x[n] = cos[rn] + sin[5n] and write z[n] as a vector, x,, in R".

The period of x[n| is the smallest NV such that
x[n + N| = cos[r(n + N)| + sin[g(n + N)] = z[n].

More specifically, we need to choose the smallest integer N such that 7N and 7N
are both integer multiples of 27. So, the fundamental period of z[n] is N = 4.

If we evaluate z[n| at every timestep within one period, we get the following vec-
tor representation for x:

8 8 8 8



-2 1

(b) We would like to define an orthogonal basis of complex exponentials for R" by
using vectors of the form vi[n] = ¢*". Remember, we are working in the space
of N-periodic functions, so v[n] must correspond to a complex exponential with
period N.

For which values of w; does ¢™*" have a period of N? For an arbitrary period N,
how many unique vectors of this form exist?

For a complex exponential of the form e“r™ to have a period of N, w; N has to be

an integer multiple of 27. In other words, w;, = %k’ for integer k.

Unlike in continuous time, frequencies in discrete time are 27-periodic. A result
of this is that there are only N unique frequencies of the form 27k. To show why,
consider a complex exponential with frequency 27:

ezN(kJrN)n _ eszne27rn _ eszn.

This implies that the frequency 27 (k + N) is equivalent to the frequency 37, so
there must only be N unique frequencies of the form 27 k.

Intuitively, for example N = 4, signals with period of 1, 2, 3, 4, add up together; the
summed signal has period of 4, so for 4-periodic signal space, we need 4 unique
27

basis vectors. e***" has a period of N for wy, = 27k, k € (N).

(c) Show that the set vectors {v; = e™*"} using the values of w;, found in the previ-
ous part are orthogonal to each other. A set of vectors is defined as being orthog-



onal if vjv,, = 0, VI # m, and the inner product of two complex-valued vectors is
defined as follows:

F

a'b= a[nlbn],

n

I
=)

where a* is the conjugate transpose of @ and @[n| is the complex conjugate of a[n].

Hint: the formula for the summation of a geometric series is

=z

-1
a =

0

a—1"

i

Recall that, in the previous part, we found

21

Using the definition of orthogonality in the problem statement, let us evaluate the
inner product of two arbitrary vectors in the set {v; }:

N—-1
* —Win iwmn
V; Uy = e Hhtetm
n=0
N-1
_ e—i%(l—m)n‘
n=0

We can apply the formula for a geometric summation to get

—i%’(l—m)N -1

y e
'Ul Uy = e_i%r(l_m) 1 :
Ifl #m,
) e—i2r(l-m)N _ q 1—-1 0
U Um = 6_i%(l—m) -1 N e—i%ﬂ(l—m) —1 o

So, the vectors in {v,} are orthogonal.



(d) What is the norm of v;? The norm of a vector is the square root of the inner
product of that vector with itself.

First find the norm squared of vy, and then take the square root to get ||vi||.

N-1 N-1
Hkaz = Vv, = Z e RN IR — Z 1= N.
n=0 n=0

So, the norm of v;, is v/N.



