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Policy Statement

* We encourage you to collaborate, but only in a group of up to five current
EE 120 students.

* Be sure to write the names of your collaborators at the appropriate location
on the next page. Each collaborator must submit a distinct, self-prepared so-
lution document containing original contributions to the collaborative effort.

* To submit your work, you have several options:

(a) Print out this homework document and write your solutions on the
printout. Then upload a PDF file of the scan.

(b) Write your solutions on this PDF file using a tablet device. Then upload
a PDF file.

(c) Use your own sheets of paper, but demarcate clearly the space for each
problem, part, and subpart. Then upload a PDF file.

¢ Please write neatly and legibly, because if we can’t read it, we can’t evaluate
it. Remember that, even though the problem sets are self-graded, we will
evaluate your work whenever we check your self grades.

¢ Unless we explicitly state otherwise, you may expect full credit only if you
explain your work succinctly, but clearly and convincingly.

e If you are asked to provide a “sketch,” it refers to a well-labeled hand-drawn
sketch—not a plot generated by a computing device.

* On occasion, a problem set contains one or more problems designated as
“optional.” Your solutions to such problems will NOT be evaluated. Never-
theless, you're responsible for learning the subject matter within their scope.

¢ If you have a confirmed disability that precludes you from complying fully
with these instructions or with any other parameter associated with this prob-
lem set, please alert us immediately about reasonable accommodations af-
torded to you by the DSP Office on campus.



Overview

This homework covers:

e DTFS
e DFT



HWS8.1 (DTFS Expansion) Determine the complex-exponential discrete-time Fourier
series (DTFS) expansion for each signal x : Z — R described below, or explain why
no such expansion exists. For each case where a DTFS expansion exists, be sure to
identify the period p and the fundamental frequency w.

For parts (b) and (c), assume z denotes exactly one period of a periodic signal z.
Your answer would then be the DTFS expansion of the periodic signal z for certain
values of n, and zero otherwise.

+o00
(@) z[n| = Z d[n — Ip], where p is a positive integer.

l=—00

t(n) = (n—1p)

l=—00

A graphical representation of z(n) is shown below: (Note p is the period and
Wy = %’r is the fundamental frequency)

1y (™

The Discrete-time Fourier Series (DTFS) equations are :
x[n] =374, Xre™ " Synthesis Equation

Xy = > =) z(n)e~"**om Analysis Equation

b
Note: (p) denotes an appropriately-chosen interval of p adjacent samples,
eg.,{0,1,...,p—1}or{l,2,...,p}etc

Let (p) = {0,1,...,p — 1}. Note that z(n) = 6(n) in the interval (p) that we
have chosen. Therefore, only one term in the right-hand side of the analysis



equation is nonzero (the term corresponding to n = 0):

124
Xk = - I(n)efikwon
Y —
1 —ikw —ik(p—D)w
= —|z(0)+z(1)e O+ . t+ax(p—1)e"? 0
p \2,1/ \7,0/ ~-
:V() J/
1 1 p—1
= X,=-VkeZ=x(n)= _Zeikzwon
L
This shows that all frequency components {0, wo, aw, . .., (p—1)wo} are equally

present in the impulse train signal x(n).

(b) z[n] =6[n+2]+20[n+ 1]+ 36[n] +20n—1]+d[n—2|.
Since the signal z is of finite length 5, it can be extended to a periodic signal
2 with period p = 5.

=00

(n) = Z x(n — 5l)
l=—00
Z(n) = 3207 6(n4+2-50)4+20(n+1-51)4+35 (n—51)+28(n—1-50)+6(n—2-51).

Using the DTFS analysis equation, we have

A 1 ;
X =— Z i (n)e ko

Pz



where wy = %” is the fundamental frequency. So,

~

X, = 1( (=2)e” + 2(—=1)e® + 2(0)e? + 2(1)e® + 2(2)e”) = 1.8

5
> 1 2w, iw W 2w,
X, = 5( 0 4 2€™0 + 3+ 2e70 4 7 50)
1 T —A47i
= 5(65 +2e5 +30 425 4o )
1 4 21
= 5(2608( 57T)+4COS<5)+3)
~ 1 —8mi

ol =

X, = 5(65 +2eF 434275 fer) =

s 1 127q —1273 ]_ 12 6
X3 = 5( 42" 434275 e )ZS(QCOS( z )+4COS<5)+3)
1 8 4 A
= -(2cos( ;) + 4cos(§) +3) = X, = 0.07639
i 1 s ) —1673 1 16 8
X, = 5( 42 43420 4 ) = 5(2008( 57T)+4cos(5)—|—3)
2 A
= —(2cos(— ) +4cos(—) +3) = X; = 0.52361.
5 5 5
XO + XleQi;rn + X,2e47,grn + X366igrn X4€81grn _2 S n S 2
Therefore, z(n) = .
0 otherwise

Notice that all the DTFS coefficients can be expressed as cosines and are there-
fore purely real valued, and they are also symmetric (even). This is a conse-
quence of conjugate symmetry - because x is real valued and even, the DTFS
coefficients X are also real valued and even.

z[n] =d[n+ 2]+ o0[n+ 1] — dn — 1] — dn — 2].
Since the signal z is of finite length 5, it can be extended to a periodic signal

1 with period p = 5, wy = 7.

i(n) = :Zoo S(n+2—50)+8(n+1—5)—6(n—1—5)—8n—2— 5l).

l=—00

8T AT
(2 cos(— - ) + 4 cos(— 5 ) +3) =0.07639



Using the DTFS analysis equation, we get

~

1
Xy = 5(60+60+0—60—60):0

Xy = (0 e — gmien _ om0y — Z(gin() 4 sin()) = 0.615537i
5 5 5 5
Xy = Gt P e ) = (sin(p) + sin() = ~0.1433097
; L s : : : 2 . 12 6
X3 — g(6614/.)0 + 63%00 _ e—?nwo o e—61w0) _ gz(Sln(Tﬂ-) + sm(%))
21 8 4 .
= gl(—sin(%) - sin(%)) = — X, = 0.145309i
N 1 ) . ) . 2 16 8
X, = g(e&wo 4 €4zwo _ 67410.20 . efBsz) _ gZ(SHl(Tﬂ-> + sm(%))
21 4 2 .
— Z(—sin(—) —sin()) = =X, = —0.615537i.
5 5 5
X 2imn X dimn X Gimn X 8imn _2 < < 2
Therefore, z(n) = 165 T Ag€ 5+ Age s+ Age s SNS2 No-

0 otherwise
tice that the DTFS coefficients are odd and purely imaginary. This is also a
consequence of conjugate symmetry, since z is real valued and odd, the DTFS
coefficients are imaginary valued and odd.



HWS8.2 (LTI Processing of Periodic Signals) Consider a periodic, discrete-time sig-
nal = : Z — R having the discrete-time Fourier series (DTFS) expansion

w[n] _ Z X, eikwon’
k=(p)

where w, denotes the fundamental frequency of the signal; if p is the period of z,
then wy = 27/p.

Suppose z is the input signal applied to a linear time-invariant (LTI) system charac-
terized by the impulse response & : Z — R and corresponding frequency response
H, where

Hw) = Z h[n]e ™™ Vw.

Let y be the corresponding output signal.

(a) Let the DTFS expansion of the output signal y be
y[n] = Z Y, etheon
k=(p)

(i) Express the output-signal DTFS coefficients Y}, in terms of the input sig-
nal DTFS X, and the frequency response H.
Keeping in mind the DTFS expansion of y[n], from above we can read
off:
Yy = H(kwo) Xy

We now have a relationship between the DTFS coefficients of the input
and output from an LTI system / with a given frequency response.

(ii) Suppose the impulse response of the LTI system is given by h[n] =
d[n — ny), where ny € Z. Explicitly determine the output-signal DTFS
coefficients Y}, in terms of the input-signal DTFS coefficients Xj.

Given h[n] = d[n — ng], we must first determine the corresponding fre-
quency response:

H(w) = Z h[n]e” ™" = Z §[n — nle™ ™" = 7m0

Finally,
Vi = H(kwo) Xy = e ™Momo X,



HWS8.3 (A DTFS Puzzle) Consider a discrete-time signal = : Z — R having the
following the properties:

e zin+ 4l =zn|, Vi,n € Z.

2

. Zx[n]:4.

. i (—1)"z[n] =8.
. nzzlx[n] cos (gn> = nzzlx[n] sin (gn> =0.

(a) Determine the complex exponential Fourier series coefficients X_;, X, Xj,
and X, for the signal z. From the coefficients, determine and provide a well-
labeled plot for the signal .



More space for part (a):

The DTFES expansion is valid for any period of x, not just its fundamental pe-
riod. We usually use the fundamental period since it has the least coefficients
to compute, but in this case all we know is that z is 4-periodic, so we will
compute 4 DTFS coefficients.

Note that many of these hints are projections, or inner products. 3.>_ | z[n]
is just (z, 1) where v, = e™“°k" (vectorized over the interval of length n).
Also remember that the DTFS basis (the roots of unity) are orthogonal; that
is, (14, ¥p) = 0 when a! = b, or = p when a = b.

Using the synthesis equation, (z, %) = (3_; Xj1;, ¥x) = (Xpr, ) = X - p.

v:Z—-R, zn+4] = =z, VIieZ
= p=4/k,wy = kr/2 for some k € {1,2,4}

We use the DTFS expansion of z assuming k£ = 1, i.e., p = 4.

2
= ) (Xo1eT" 4 Xo + X" 4 Xpe'™) = 4

n=—1

Y

<$7¢0>::4
4%% :34
= Xo=1

4

We can also take note of the fact that X, is always just the average value of
the signal over its period, whichis 4/4 = 1.

2

= ) (—1)"(X_qe 2"+ Xo + Xpe' 5" 4 Xpe'™) =8
n=—1

= <$7¢2>::8

4Xy =28

)Q2::2

U

10



Zm[n]cos (gn> =0

n=-—1
2

1 - T . T - T LT .
> (€7 T (X qeTB" 4 X+ Xpe's" 4 Xoe'™) = 0
n=—1

(2,0.5%, + 0.5¢_1) =0

0.5(x, 1) + 0.5(x,v_1) =0

2X 1+2X, =0

X1+X:1=0

Xa=-X D

4

L A A

= 21
1
= 2_j(<$7¢1 — 1)) =0
= %(Xl — Xl) =0
= X_1 - X1 = O
= X1=X; (2)

Using Equations 3 and 2, we can deduce that X_; and X; must both be 0 (by
adding or subtracting the two equations). Hence,

xz[n] =1+ 2¢mm

' ' 3e ® ®
25
9|
1.5
1l
0.5}

R A

11




(b) Based on your results from part (a), determine the fundamental period p and
fundamental frequency wy of the signal z. Express z in terms of its DTFS co-
efficients and complex exponentials of appropriate frequencies, and identify
each coefficient and its corresponding harmonic frequency.

From our result in part (a), we can see that z[n] repeats every 2 samples and
thus has a fundamental period (p) of 2. It’s fundamental frequency is: wy =

27
P

Hence, from the DTFS synthesis equation,

= T.

1
o) = 30 Xee ™ H = Xo + Xy
k=0

We’ve already seen that

z[n] =1+ 2™

Hence,
Xy = 1, which corresponds to frequency 0.
X1 = 2, which corresponds to frequency 7 radians.

Note that in this specific question, = turns out to be 2-periodic, and can be
expressed as x[n] = %" + 2¢™. If we express x[n] as a 2-periodic signal,
then its 2 DTFS coefficients would be X, X; which are the coefficients of the
exponentials ', '™ respectively. When we express « as a 4-periodic signal,
we find that X;, X ; which correspond to ¢™/?" ¢®7/2" are 0, which makes
sense, since we already determined that z only relies on €, ™. This holds
generally as well - if we express a signal that is T-periodic as a (k7")-period
signal with kT DTFS coefficients, the only the 7" coefficients corresponding to
the T-periodic signal will be nonzero, and the other (k — 1)T coefficients will
be 0.

12



HWS8.4 (DTFS as a Change of Basis) In this problem, we will build intuition on
Fourier transforms by looking at the DTFS through the lens of change of basis.

We chose the DTFS for this problem because discrete, periodic signals lend them-
selves well to the vector operations many of you have seen in basic linear algebra.

If we look at the space of discrete-time signals with period p, we can represent each
signal as a vector € R” consisting of one period of the signal. To be specific, given
a signal z[n| with period p, we can write it as a vector

z[p —1]
(a) To familiarize yourself with this vector notation, find the fundamental period
p of z[n] = cos(mn) + sin (gn) and write z[n] as a vector, x, in R?.
The period of x[n] is the smallest p such that
z[n + p] = cos (w(n + p)) + sin (g(n —i—p)) = z[n].

More specifically, we need to choose the smallest integer p such that mp and
Zp are both integer multiples of 2. So, the fundamental period of z[n] is
p=4.

If we evaluate z[n] at every timestep within one period, we get the following
vector representation for x:

z[0] 1

(e _ | 0

T= e T 1

x[3] -2
4 5
2,,

4 3 2 | 1 2} 1 5 6

-2 1

13



(b) We would like to define an orthogonal basis of complex exponentials for R”

(©)

by using the basis signals 4
wk [n] = plwkn
Remember, we are working in the space of p-periodic functions, so 1 [n] must
correspond to a complex exponential with period p.
?/)how,' for wy, = k%’r, Y [n] will have a period of p. Explain why only p unique
1 exist.

Hint: Think about the roots of unity.
Plugging in wy, we get ¢y [n] = e“+" = ¢'7 ", which is p-periodic.
Unlike in continuous time, frequencies in discrete time are 27-periodic. A

result of this is that there are only p unique frequencies of the form k%’r. To
show why, consider a complex exponential with frequency 2?”:

: 2w 7. 2m 7.27
ez(kﬁ—p)?n elk?"e%” _ ezk’?n.

This implies that the frequency (k + p)% is equivalent to the frequency k%,
so there must only be p unique frequencies of the form k%”.

Intuitively, for example p = 4, signals with period of 1,2, 3,4, add up to-
gether; the summed signal has period of 4, so for 4-periodic signal space, we
need 4 unique basis vectors. e has a period of p for w;, = k:%’r, k € (p).

Note that wj, corresponds to the frequency of the k™ term of the DTFS repre-
sentation of a p-periodic signal.

Show that the set vectors {1,,v,,...,%, ,} are orthogonal to each other. A
set of vectors {v; } in R” is defined as being orthogonal if v} v}, = 0, VI # m,
where the inner product of two complex-valued vectors is defined as follows:

p—1

a”b" = aln]b*[n],

n=0

where b" is the complex conjugate of b and b*[n| is the complex conjugate of
b[n].

Recall that, in the previous part, we found

2
Wi = —Wk, ke (p).
p

Using the definition of orthogonality in the problem statement, let us evalu-
ate the inner product of two arbitrary vectors in the set {1, 9,,...,%, 1 }:

p—1
T, 1% __ wn  —iwmn
P, = E e imem

n=0

p—1

- 27

:§ :ez?(l—m)n‘

n=0

14



We can apply the formula for a geometric summation to get

2% (1—m)p -1

e r
it = .
ez%(l—m) -1
Ifl #m,
2w(l—m) __ 1 1—1
T 1% __ € — =
1/)1 ’(/)m - eﬂ?ﬂ(l,m) _1 o 61'2777(17771) 1 0.

So, the vectors in {1, v, ...,%, ,} are orthogonal.
(d) What is the norm of ,?

We first find the norm squared of 1, and then take the square root to get

[l

p—1
[l = il = D e e =3 1 =p
n=0

So, the norm of v, is /p.

(e) Because the set of vectors {1, %, ..., v, ,} are orthogonal to each other and
there are p of them, we can conclude {v, %, ..., %, _, } is an orthogonal basis
for RP. Therefore, we can write out any vector x € RP” as a linear combination

of projections of « onto the vectors in {9, %,,...,%, ;}.
Recall

x = Zproj¢km

k
where
: T
A N EA
Show that
proj, @ = Xy,

where X, is the k™ DTFS coefficient of z[n).
Hint: Use the DTFS analysis equation.

15
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Using the definition of projection provided,

z’

roj, T = Y
P = Jgp, 12"

Pattern matching with the analysis equation,

2T ke
P

Xy = x[nle )

%MH

S
I
o

we can see that
proj,, © = Xy
Recall that 1, = e™“°k" is the k™ DTFS exponential.

(f) Show that equation (3) is the DTFS synthesis equation.
Plugging proj,, x = X, into (3), we have

x = Zproj¢km = Zsz,bk = ZXkeik%w",
k k k

which matches the DTFS complex exponential representation of x[n].

(g) We now stack X, into the column vector X = [X, X; --- Xp_l}T. Using
the DTFS representation of x[n], derive the matrix form of the DTFS synthesis
equation, also known as the synthesis equation. That is, find ¥, where

x=WvX

You do not have to simplify the complex exponentials in W.

Note, from the DTFS synthesis equation taken over the bounds 0 top — 1, we

16



can manipulate the equation to extract X.

p—1
1.27
x[n] = ZXke’kT"
k=0

27

0 i12m™ i(p—1) 2~
:Xoel pn—|—X1@Z pn+"'+Xp_162(p )pn

Xo
X
_ |:€i027”n i1 Zn ez'(p—l)%”n] !
X
p—1
2T 27 4\ 2m
:|:620pn ezlpn ez(p 1)pn:|X

To get x, we stack all of the entries like so:

[ L0Z0 1220 6i(p71)2?"0_ X
0] .
z[1] QO3 it i)
T = = J
zlp — 1] [ez‘o%’(p—l) GLEC-D ez’(p—l)?f(p—l)— X
. (i0%0 G1Z0 pi(P=1)250
6io%’fl 61’127”1 o ei(pfl)zfl
= . . . . X
00 (=1) 12 (p=1) PP Z (p=1)
v
Note we can also express ¥ as
Wol0] P[0 - Up-1[0]

to[1] huf1] - Up1[1]

Yolp — 1] %Ul[P—lj ¢p—1[p—1j

17




(h)

(i)

Is ¥ from part (g) an orthogonal matrix? Is it an orthonormal matrix? Why
or why not?

Hint: Try to express ¥ in terms of the vectors {1, ,,...,%, ,}, then use
parts (c) and (d).

Note that each column corresponds to 1),

-~ 27 .27 ; 27
61070 611?0 . et (pfl)—O
0271 1271 i(p— 1)2”1
e » e cee e
¥ = . .. . :[l[’o ¥, "'¢p—1}

61’02?"(;;—1) eil%(p—l) P 1)7”(27 1)

From parts (c) and (d), we found that {1, %,,...,%, ,} are orthogonal and
||| = \/P, so this matrix is orthogonal but not orthonormal.

Using the previous two parts, derive Parseval’s Theorem:
1 p—1 p—1
=D el =) Xl = = el =1 X]?
p n=0 k=0 p

This relationship directly correlates the “energy” located in the time domain
to the energy located in the frequency domain.

Hint: If matrix A is orthonormal, then ||Az|| = ||z||. Is ¥ orthonormal? If
not, can we make it orthonormal?

Method 1: (Linear Algebra Properties): We start from x = ¥X. Since we

know ||4,|| = /p, we know that \/iﬁ\Il would have orthogonal columns with
norm 1, so =W is orthonormal.
N
Part (g) tells us that x = ¥X, so
1 1
—xr=—UvX
VP VP
Taking the norm of both sides gives
1
Il =[]
VP VP
1
—= Izl = 1 X]

VP
Squaring both sides gives - |[z|* = || X|*.

18



Method 2: (Algebra Bash) We have:

p—1

> Xithx[n]
k=0

p—1

( Xith[n ) (Z Xiwn )

=0

pfl

1
];%;Iw[n] —pz

;Z XeXi (e, v

—Zp’Xk\2
k=0

p—1
=) X
k=0

’6»—

19



HWS8.5 (The DTFS and Its Fraternal Twin, the DFT) To represent finite-length or
periodic discrete-time signals, engineers have traditionally used a complex expo-
nential Fourier series expansion that is slightly different from the Discrete-Time
Fourier Series (DTFS). The expansion of choice is called the Discrete Fourier Trans-
form (DFT).!

In this problem, you will discover the simple relationship between the DTFS and
the DFT. Recall that the analysis and synthesis equations of the DTFS expansion of
a periodic discrete-time signal « : Z — C are:

DTFS (2, Yr)
zn| = X n — Xp = —~.
= 2 Xl “ T T
=(p)
Written in the time domain, these equations become:
1
zln] = > Xitln] el X, = 52 z[n] i [n],
k=(p) n=(p)

wherew[n] = eon, (o) = o alnl ilnl, () = Yy deln] viln]

(a) Consider the set of basis signals ® = {¢y, ..., ¢,—1}, where ¢, = %wk. Deter-
mine (¢, ¢;) for the cases k = [ and k # [. Use what you already know about
(Yr, Yy) to simplify your work.

(b d1) = Y dxln] 67 0]
=(p)

- pl S wln] i
n=(p)

1
=| ootk -1,

'The Fast Fourier Transform (FFT) is merely a reference to a family of computationally-efficient
algorithms for implementing the DFT. The FFT is not a different transform.

20



(b) We wish to express a p-periodic signal x in terms of the basis functions in ®,
as follows:

o) = 7 X[ ouln].
k=(p)

Determine an expression for the coefficients X [£] in terms of projections of
the signal x onto the basis functions in ¢. What is the relationship between
the DFT coefficients X [k] and the DTFS coefficients X? Finally, write down
the analysis and synthesis equations for the DFT.

<'r7 ¢k>
X[k =

=p Y an] g;ln]

n=(p)
=) aln] ¥iln]

n=(p)
oyl
Hence,
Analysis: X[k] = p X = zn] e~ thwon |
n=(p)
Synthesis: z[n] = Z X[K] ¢p[n] = B X[k] eikwon
k=(p) p k=(p)

21



(c) Detine x and X ppr to be the signal and DFT coefficient vectors, respectively:

2[0] X[0]
L x[.l] o X:[l]
z[p — 1] X[p—1]

Express the analysis and synthesis equations you found in (b) as a matrix-
vector formulation. In other words, find Fprr and F,;prr such that

Xprr = FprrX, x=Fiprr Xprr.

Express F ppr and F;ppr in terms of the complex exponential.

For the analysis equation, we assemble X [£] into a vector:

_ X[O] B Zi;éx[n] 677,'0&)011 7

X[1] Sl gfn] e ilwon
Xprr = ] =

Xp-1] [l io-nen

i e~ 10wo0 e~ 10wol e—iOwO(p—l) I{O}
e~ ilwo0 e~ ilwol e—ilwo(p—l) ZL’[”

e iB-Dw00 mip-Denl L. =il-Deo -1 | | gp 1]

FI;;T
=Fprrx.

For the synthesis equation, we assemble x[n| into a vector:

o) 7 [ ST Xk ethee0 ]
e || e e
dp-11] 2T X ek b
eiUwoO ei(]wol ei(]wo(p—l) X[O]
1 eileO eilwol eilwo(p—l) X[]_]
_p : : . : :
ei-Du0 ip-Dwol  i-Dw -1 | | X[p— 1]
Fi;rFT

= FiDFT XDFT;

22



where

e?0wo0 ei0wol eiOwo(p—l)
eilwoO eilwol eilwo(p—l)
Fiprr = -
p : : . :
etP—Dwo0 gi(p-wol .. pi(p—1)wo(p—1)

Notice that as with the DTFS, we have Fppr = p (Fip FT)H up to a constant
factor (the only difference is multiplying by p instead of %).
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